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“Abstact W Generalized Persistence Modules Experimental Evidence
Given a finite point get X, one constructs the éech Comp|ex é r(X) Definitions e Experiments
at scale r by taking the nerve of the subset covered by r-balls A Generalized persistence module in D over P is a functor P — D, where syt ool I I e We sampled N points on an
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approach to detect directed homological features. The cate »FOr each angie, we compute the onannon entropy or the
o L gory K. \ \ \ \ \ \ Hp-barcodes:
When A has a certam. direcied fgature (say.a cyllndr_lcal .hole or » Cnk a cylindrical category described on the left. Observe that the top Y B ) |
void) we can use maximum persistence to find the direction of this and bottom rows of the diaaram are identified ZP/ -log(p;)
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where the barcodes are [a;, b}, {; = b, — a, L=5"¢;and p; = 7
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Definitions 1‘1\_\)2‘1>3.1\_\)4‘1> \K-1\—\>O » For each angle, we compute the length of the longest H;-barcode.

Results of Experlments

Given: The category Cnk.
» X = {X1, X0, ..., XN} C R? Examples
rR={0<nn<...<rg} / By careful choice of u; and r;, we have Ej (x,r1) C Eg(x, r2),
»0<c<1;and giving inclusion maps at the level of complexes, which
»Uc S, / induce linear maps on homology. —_—
» Above Ieft we compare the entropy estimate 6y with the Max

we define £;(x;, ;) to be the ellipse centered at x;, with major Length estimate 61 with the actual value (in blue).

axis parallel to u, with length of semi-major axis r,;, and Ay ——— Hot ——— Hgg ——— Hyy oo P mmm— » Hgg — 0 » In the center we compute the difference in the estimate over the
semi-minor axis ¢ - I'nm. \, \, \, """""""""""" A error in the sampling for increasing sampling errors.

More generally, we can consider X c R”, Mo —— Mo —— Mgz ——— FHgo woeee oo » Hgg — 0 . On the right we observe that increasing the number of sample
c=1{C0C3,...,ch_1} € (0,1)"1, and R as above. Then, given \ \ \ """""""""" > points doesn’t affect the estimates significantly.

i e S" ', we find an orthonormal basis for R” of the form M3 . 23 . M3 . R oo mm— » Hkg — 0

{U,Up, Us, ..., Uy} Define E,(x, r,) to be the ellipse centeredat | | b e, p o e, » | |
X;, with semi-axes of length r, parallel to v and ¢; - rp, inthe  F20 | = L " e : :
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Hiy =——— Hopy =—— Hypy = Hyp o I R— » Hoy ———— 0 Regular Directions
» < < s e X For fixed X, R, ¢ as above, call
A Skewed Cech Complex Hiy =——— Hyy ——— H3y ———— Hyq o S — » Hyy —— 0 a direction u regular if every
pair Ez(Xi, rm), Ez(X;, rm) are
We fix a direction u and a number r; € R. Let K, = K;(X, ;) In this setting, a rotation and inclusion as described above corresponds to a translation on Cy, i.€., a function disjoint or meet in a set with
denote the nerve of the union: [ : Cnk — Cnk that is monotone and which satisfies x < ['(x), for all x. Direction 7 is imeqular. Direction G is reqular.  POSItive measure.
U Ex(x, r). Alternatively, with I'(n) = n+ 1 on K, we get a '-interleaving as follows. With F : K — Vectr, equal to the persistence with Theorem: Regular Directions are Common
xeX direction u; and G : K — Vecty, equal to the persistence with direction u> we have, with n < m, that the following For fixed X. R. ¢, irreqular directions have measure zero.

Then, we compute H.(K;) for each r; € R. This gives rise to a diagrams commute: Theorem: i:)i;ection Stability

seqguence of persistence vector spaces that are connected by , ' - L ,
nclusion maps. From this we can build directed barcodes (or F(”)\&—’ F(m{ F/(‘” + 1)—”}”7 +1) F(”)\‘—)F(” +2) /F(” +{)‘ Fix X, R, c as above, and let U be a regular direction. Then, there is

- - - some ¢ > 0 so that ||u — v|| < § implies the directed complexes
persistence diagrams) and form persistence modules. Gn+1)——G(m+1) G(n) —— G(m) G(n£1) G(n) ———F(n+ 2) ~ssociated to T and U are identical .. () = K(V). where
Thus, the diagrams corresponding to these “close” angles are interleaved. K(U) = 1Kn(U) € Ki(U) K, ()} and

K (V) = {Kq(V) C Kn(V) C -+ C K V)3
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