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Abstract

Given a finite point set X , one constructs the Čech complex Čr(X )
at scale r by taking the nerve of the subset covered by r -balls
centered at the points xi ∈ X .
Given a direction vector ~u we construct covers by ellipsoids with
major axis parallel to ~u and increasing radii. We then compute the
homology of the complexes obtained as the nerves of those
covers. This additional structure defines a generalized
persistence module, yields a correspondence between rotations
and interleavings of persistence modules and suggests an
approach to detect directed homological features.
When X has a certain directed feature (say a cylindrical hole or
void) we can use maximum persistence to find the direction of this
feature.

Definitions

Given:
IX = {x1, x2, . . . , xN} ⊂ R2

IR = {0 < r1 < . . . < rK}
I0 < c < 1; and
I~u ∈ S1,

rm

xi

~u

we define E~u(xi, rm) to be the ellipse centered at xi, with major
axis parallel to ~u, with length of semi-major axis rm and
semi-minor axis c · rm.
More generally, we can consider X ⊂ Rn,
c = {c2, c3, . . . , cn−1} ∈ (0,1)n−1, and R as above. Then, given
~u ∈ Sn−1, we find an orthonormal basis for Rn of the form
{~u, ~u2, ~u3, . . . , ~un}. Define E~u(xi, rm) to be the ellipse centered at
xi, with semi-axes of length rm parallel to ~u and cj · rm, in the
direction of ~uj.

A Skewed Čech Complex

We fix a direction ~u and a number ri ∈ R. Let Kri = K~u(X , ri)
denote the nerve of the union:⋃

x∈X

E~u(x , ri).

Then, we compute H∗(Kri) for each ri ∈ R. This gives rise to a
sequence of persistence vector spaces that are connected by
inclusion maps. From this we can build directed barcodes (or
persistence diagrams) and form persistence modules.
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Generalized Persistence Modules

Definitions
A Generalized persistence module in D over P is a functor P→ D, where
IP is any preordered set and
ID is any target category.
We wish to consider the case where the target category is D = VectF2.
For the preordered category P we consider two choices:
IK, the category of positive integers at most K .
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The category K.
ICNK a cylindrical category described on the left. Observe that the top

and bottom rows of the diagram are identified.
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The category CNK.
Examples

By careful choice of ~ui and ri, we have E~u1
(x , r1) ⊂ E~u2

(x , r2),
giving inclusion maps at the level of complexes, which
induce linear maps on homology.
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In this setting, a rotation and inclusion as described above corresponds to a translation on CNK, i.e., a function
Γ : CNK→ CNK that is monotone and which satisfies x ≤ Γ(x), for all x .
Alternatively, with Γ(n) = n + 1 on K, we get a Γ-interleaving as follows. With F : K→ VectF2 equal to the persistence with
direction ~u1 and G : K→ VectF2 equal to the persistence with direction ~u2 we have, with n < m, that the following
diagrams commute:
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Thus, the diagrams corresponding to these “close” angles are interleaved.

Further Study

We would like to continue to pursue the following ideas:
ICan we find a method to discover an optimal c for a given dataset with a feature?
I In the case of R2 find an algorithm yielding the direction of a feature based on maximizing barcode length and entropy.
IWhat is the H0- and H1-detected angle for datasets with isomorphic features with different directions?
IExplore a local notion of directed features.
IGeneralize our experiments to higher dimensional data.
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Experimental Evidence

θa

A sampled ellipse.
Fixed 0 < c < 1.

Actual tilt θa ∈ [0, π].
H0-predicted tilt θ0 ∈ {nπ

20}.
H1-predicted tilt θ1.

Experiments
We sampled N points on an
ellipse with tilt θa ∈ [0, π] and
fixed c = 0.5 and uniform
sampling error ε.
IWe computed directed

filtrations with c = 0.5 and
angles { π20,

2π
20, . . . ,

19π
20 }.

IFor each angle, we compute the Shannon entropy of the
H0-barcodes:

−
∑
j∈J

pj · log(pj)

where the barcodes are [aj,bj], `j = bj − aj, L =
∑
`j and pj =

`j
L.

IFor each angle, we compute the length of the longest H1-barcode.
Results of Experiments

IAbove left, we compare the entropy estimate θ0 with the Max
Length estimate θ1 with the actual value (in blue).

I In the center we compute the difference in the estimate over the
error in the sampling for increasing sampling errors.

IOn the right we observe that increasing the number of sample
points doesn’t affect the estimates significantly.
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Direction ~v is irregular. Direction ~u is regular.

Regular Directions
For fixed X ,R, c as above, call
a direction ~u regular if every
pair E~u(xi, rm), E~u(xj, rm) are
disjoint or meet in a set with
positive measure.

Theorem: Regular Directions are Common
For fixed X ,R, c, irregular directions have measure zero.
Theorem: Direction Stability
Fix X ,R, c as above, and let ~u be a regular direction. Then, there is
some δ > 0 so that ‖~u − ~v‖ < δ implies the directed complexes
associated to ~u and ~v are identical, i.e., K(~u) = K(~v), where
K(~u) = {Kr1(~u) ⊆ Kr2(~u) ⊆ · · · ⊆ Krn(~u)} and
K(~v) = {Kr1(~v) ⊆ Kr2(~v) ⊆ · · · ⊆ Krn(~v)}
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